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We examine the formation of sets homeomorphic to the ternary Cantor set by
continued radicals. We determine properties of bridges and gaps and calculate the
thickness of the Cantor set. From this we apply information from continued
fractions to continued radicals to obtain new results. We also consider the measure




We define an Iterated Function System to be a finite set of contraction
mappings from a compact metric space onto itself. IFS’s are often associated with
fractals and their related image compression techniques. Commonly used examples
of IFS’s include infinite products, series, continued fractions, and continued radicals.
Mathematicians have been studying continued fractions for quite some time
with the phrase first being used in Wallis’ 1653 work titled, Arithmetica
infinitorum. Continued fractions are of the form,








where ai, bi+1 ∈ R for i ∈ N ∪ {0} Note that the most commonly studied continued
fractions have the property that ai, bi+1 ∈ Z+ ∪ {0} for i ∈ N ∪ {0}.
Continued radicals, although related to continued fractions, have received
notably less attention from researchers. Continued radicals are composed of a





x2 + . . .+
√
xn,








x2 + . . .+
√
xn.
Similarly, the most commonly studied continued radicals have xi ∈ Z+ for
i ∈ N ∪ {0}. However, it is necessary that xi > 0 for all i ∈ N ∪ {0} to make the
partial expressions be defined in R.
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For ease of notation, we often represent nested radicals by
√
x0, x1, x2, . . . , xn
and continued radicals by
√
x0, x1, x2, . . ..
The following theorem, proven by Sizer[23], demonstrates the significance of
continued radicals.





a1 + . . . where a0 ∈ N ∪ {0} and for i ≥ 1, ai ∈ {0, 1, 2}.
It is important to note that the above representation only yields positive real
numbers; however, multiplying by (−1) will give the negative real numbers, hence,
allowing us to represent any real number in this manner. This theorem
demonstrates the relevance of continued radicals. Prior to utilizing Theorem 1.1 to
construct real numbers, we must analyze the convergence of continued radicals. It
is necessary to consider the nested radicals, sometimes referred to as partial
expressions, that compose the continued radical and verify their convergence.
Laugwitz [16] and Sizer [23] have extensively considered the conditions for
convergence. Since our work entails studying continued radicals of the form
√
a1, a2, . . . such that ai ∈ A where A is a specified finite set of nonnegative integers,
we need only consider the convergence results noted by Johnson and Richmond [15].
Theorem 1.2. If the sequence (ai)
∞
i=1 of nonnegative numbers is bounded
above, then
√
a1, a2, a3, . . . converges.
Consider the sequence (ai)
∞
i=1 = (n, n, . . .). We have that (ai)
∞
i=1 is bounded
above. Thus, by Theorem 1.2, we have that φn =
√
n, n, n, . . . converges for any
nonnegative real number.










n, n, . . .
=⇒ φ2n = n+
√
n, n, . . .
= n+ φn
=⇒ φ2n − φn − n = 0.
By the quadratic equation, we get that φn =
√









1, 1, · · · = φ1 which converges by Theorem 1.2.
Then we have that by Proposition 1.3, φ1 =
√










Although Theorem 1.2 is sufficient for our study, it is important to note that
the converse statement is not true. The following example was introduced by
Ramanujan in 1911. As noted by Borwein and de Barra [8], Ramanujan did not
consider the convergence of the continued radical but only to what they converged.
We will, however, consider the convergence.































1 + · · · converges.
Since 1!2, 2!21!2, 3!22!21!2, . . . is not bounded above, Theorem 1.2 does not
apply. Therefore, we must first prove that the continued radical actually converges.
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1, (1!2!)2, P3 =
√
1, (1!2!)2, (1!2!3!)2, . . . of partial
expressions converges. It is obvious that P1, P2, . . . increases. Since an increasing
sequence that is bounded above converges, it suffices to show that the sequence
P1, P2 of partial expressions is bounded above.
Let f(x) =
√
a1, a2, . . . , an−1, an + x. Then we have the following
f(0) =
√





a1, a2, . . . , an−1, an +
√





a1, . . . , an + x
√






a1, . . . , an + x,
√
a2, . . . , an + x, . . . ,
√
an + x > 0 and
√
a1, . . . , an + x,
√
a2, . . . , an + x, . . . ,
√
an + x are increasing in x, we have that
f ′(x) is positive and decreasing which implies that f ′′(x) < 0; thus, f is concave
down and increasing. From this, we can construct the following figure.






Tangent line at x = 0
We have that the function change will be less than the tangent line change.
Furthermore, we have that f lies below the tangent line for all x since f is concave
down. Thus, we get the following
4
Pn+1 < Pn + (fluctuation of tangent line)
= Pn + df |x=0,∆x=√an+1







a1, . . . , an
√





a1, . . . , an
√
a2, . . . , an · · · √an−1, an√an ,
we obtain the following construction.
P2 < P1 +
ε1
2




















converges to some L, then Pj < P1 + L for all j. This indicates that






converges since it is a geometric series with r = 1
2
. Now if





would converge by the





a1, . . . , an
√
a2, . . . , an · · · √an−1, an√an
=
√
((n+ 1)!n!(n− 1)! · · · 2!1!)2
√
a1, . . . , an
√
a2, . . . , an · · · √an−2, an−1, an√an−1, an
√
(n!(n− 1)! · · · 2!1!)2
=
(n+ 1)!√
a1, . . . , an
√
a2, . . . , an · · · √an−2, an−1, an
√
[(n− 1)!(n− 2)! · · · 2!1!)2 +√an
<
(n+ 1)!√
a1, . . . , an
√
a2, . . . , an · · · √an−2, an−1, an[(n− 1)!(n− 2)! · · · 2!1!]
=
(n+ 1)n√
a1, . . . , an
√
a2, . . . , an · · · √an−2, an−1, an(n− 2)! · · · 2!1!
<
(n+ 1)n














(n− 2) + 3
n− 2
)(





















To obtain the second inequality, note that 1 < φ1 ≤ √a1, a2, . . .; therefore,
√
a1, . . . , an
√
a2, . . . , an · · · √an−2, an−1, an > 1.




converges to some L; therefore, the partial expressions Pj are increasing and






1 + · · · converges. 
The above proof demonstrates a unique use of differentials. We may also
utilize the following theorem by Sizer [23] (see also [16]) to show that these
continued radicals converges.
Theorem 1.7. Suppose ai is real for all i ≥ 0 and that ai ≥ 0 for i ≥ 0. Then
√
a0, a1, . . . converges if and only if the set S = { 2i√ai | i ≥ 1} is bounded.
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Proof 2 of Lemma 1.6. We first need to consider the convergence properties
of the right hand side. We will use Theorem 1.7 to accomplish this.
Let an = n!
2(n− 1)!2(n− 2)!2 . . . 3!22!21!2. For n ≥ 4, we have the following
construction.
(n− 2)!(n− 3)! · · · 2!1! ≥ 2 > 1 + 2
n− 1
=⇒ (n− 1)!(n− 2)! · · · 2!1! > (n− 1) + 2 = n+ 1
=⇒ n!(n− 1)!(n− 2)! · · · 2!1! > (n+ 1)!
=⇒ [n!(n− 1)!(n− 2!) · · · 2!1!]2 > (n+ 1)!n!(n− 1)! · · · 2!1!
=⇒ [n!(n− 1)!(n− 2!) · · · 2!1!] 12n−1 > [(n+ 1)!n!(n− 1)! · · · 2!1!] 12n
=⇒ 2n√an > 2n+1√an+1
Thus we have that the sequence
{ 2n√an} = { 2n
√








1 + 4 · · · converges. 
Thus, we have a sequence of nonnegative numbers that is not bounded above,
yet the continued radical formed by the sequence converges. This example
illustrates that the converse of Theorem 1.2 is not necessarily true.
Now that we have proven convergence, we can consider to what Ramanujan’s







1 + (x+ 1)
√
1 + · · ·. By squaring both sides, we obtain,
f 2(x) = 1 + x
√
1 + (x+ 1)
√
1 + (x+ 2)
√
1 + · · ·
= 1 + x · f(x+ 1)
=⇒ x · f(x+ 1)− f 2(x) + 1 = 0.
This is a first order, non-linear difference equation with variable coefficients.
Commonly used solution methods such as Ricatti Equations do not seem to work
nicely for this example. However, by inspection, it seems that a solution is a linear
function f(x) = mx+ b. From the definition, f(0) = 1. This gives that
f(0) = 0 + b = 1; hence, b = 1. Thus we have f(x) = mx+ 1. Substituting this into
the difference equation, we get
x · (m(x+ 1) + 1)− (mx+ 1)2 + 1
= mx2 +mx+ x−m2x2 − 2mx− 1 + 1
= mx2 −mx+ x−m2x2 = 0
Furthermore, the above holds for all x ∈ R, so we can choose an x to solve for
m. Take x = 1 to get
m(1)2 −m(1) + (1)−m2(1)2
= m−m+ 1−m2
= 1−m2 = 0
=⇒ 1 = m2 =⇒ m = ±1.
Taking m = −1 would yield negative solutions which is not possible; hence,
m = 1 and f(x) = x+ 1. Thus we have that x+ 1 is a particular solution to the






1 + . . . = f(2) = 2 + 1 = 3.
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We also need to consider some relations between continued radicals. First, we
have the following definition.
Definition 1.8. We say that 〈x1, x2, . . . , xn〉 ≤ 〈y1, y2, . . . , yn〉 coordinate-wise
if xi ≤ yi for all i ∈ {1, 2, . . . , n}.
This definition gives rise to the following Proposition by Johnson and
Richmond [15].
Proposition 1.9. If ai ≥ bi ≥ 0 for all i ∈ N, then
√
a1, a2, . . . , ak ≥
√
b1, b2, . . . , bk for all k ∈ N.
The converse of Proposition 1.9 does not hold.
Our main goals for studying continued radicals involve Cantor sets. Bartle and
Sherbert [7] give the following definition.
Definition 1.10. We define the Middle-Thirds Cantor set, C3, to be the
intersection of the sets Cn for n ∈ N, obtained by successive removal of open middle
thirds, starting with the unit interval [0, 1].
Note that the Middle-thirds Cantor set is C3 =
⋂
n∈Z+

















Johnson and Richmond [15] gives the following theorem regarding Cantor sets
formed by continued radicals.
Theorem 1.11. If m1 and m2 are natural numbers with m1 < m2, then the set
D = {√a1, a2, . . . | ai ∈ {m1,m2} ∀i ∈ N} is homeomorphic to the Middle-Thirds
Cantor set, C3.
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It is important to note that this theorem does not take into consideration of
allowing m1 = 0. The Cantor sets from Theorem 1.11 will be the focus of this
thesis. A more extensive discussion of Theorem 1.11 is given in Chapter 2.
Now, we need to consider a key component making continued radicals IFS’s.
Definition 1.12. Let 〈M,ρ〉 be a metric space. If T : M →M , we say that T
is a contraction on M if there exists α ∈ (0, 1) such that ρ(T (x), T (y)) ≤ αρ(x, y),
for every x, y ∈M .
Proposition 1.13. The continued radical function h(x) =
√
w1, w2, . . . , wn, x
for wi ∈ N is a contraction on 〈[14 + ε,∞), |y − x|〉.
Proof. Let f(x) =
√
x. Assume x > y ≥ 1
4
+ ε for some ε > 0. We have










































x is a contraction on [1
4
+ ε,∞). On [a,∞), for a ≥ 1, this
proof shows
√










x = f(w +
√
x) for w, x > y ≥ a ≥ 1 and x ∈ [a,∞)
and (w +
√
x) ∈ [w,∞), we have
10






















w1, w2, . . . , wn, x, we get h(x)− h(y) ≤ 1
2n+1
√
w1w2 · · ·wna .




w1w2 · · ·wna whenever x ∈ [a,∞) and
wi ≥ a. 
In [4] and [6], Astels studies Cantor sets derived from partial fractions. To
understand these results more clearly, we must define bridges and gaps of a Cantor
set.
Definition 1.14. The bridges on a given level n of a Cantor set are the
remaining closed intervals on that level. We denote these bridges by Bn,i for
1 ≤ i ≤ 2n.
Definition 1.15. The gaps on a given level n of a Cantor set are the open
intervals removed from that level. We denote these gaps by Gn,k for 1 ≤ k ≤ 2n−1.
It is important to note that Definition 1.15 tells that the number of gaps
applies only to a particular level n instead of the entire Cantor set.
Figure 1 illustrates gaps and bridges. Cantor sets can be generated through
many different methods. However, Astels’ results follow from those generated by
ordered derivations. Astels [4] gives the following definition.
Definition 1.16. A derivation D is ordered if for any bridges A and E of D
with A = Bn,i ∪Gn,k ∪Bn,i+1, E = Bm,i ∪Gm,k ∪Bm,i+1 where m ≥ n and E ⊆ A,
we have | Gn,k |≥| Gm,k |.
11
Figure 1.2. Gaps and Bridges
Closed Interval [0,1] or B0,1
B1,1 G1,1 B1,2
B2,1 G2,1 B2,2 B2,3 G2,2 B2,4
The construction given in Definition 1.10, which is the natural derivation, is an
ordered derivation. Consider Figure 1.3. We have that A is the union of G1,1 and
its adjacent bridges and E is the union of G2,1 and its adjacent bridges.
Furthermore, |G1,1| < |G2,1|. Notice that this construction would be the natural
derivation of the Cantor set; however, we replace the second level with two levels
that do not have decreasing gaps.





Properties of Bridges and Gaps
In this chapter, we discuss various properties of the generated Cantor sets.
Gap and bridge length are particularly important for examining the thickness of the
Cantor sets in Chapter 3. One of the main tools used in examining these properties
is the Generalized Mean Value Theorem [7] also known as the Cauchy Mean Value
Theorem.
Theorem 2.1 (Generalized Mean-Value Theorem(GMVT)). Suppose f(x)
and g(x) are continuous on the closed interval [α, β] and differentiable on (α, β),






Before we analyze the components of the generated Cantor sets, we must
understand the construction.
Consider the set of real numbers representable as a continued radical
√
m1,m2, . . . such that mi ∈ {a, b}, a, b ∈ N, and a < b. The elements of this set are
called representable. Then the smallest number representable is
√
a, a, . . . = φa and
the largest is
√
b, b, . . . = φb. This result follows directly from Proposition 1.9.
Thus, we have that the numbers representable are in the closed interval [φa, φb].
This result is mentioned by Johnson and Richmond [15].
Now, if we consider the representable numbers whose first term is a, we notice
that the largest is
√
a, b, b, . . . =
√
a+ φb. Analogously, we have that the smallest
representable number whose first term is b is
√
b, a, a, . . . =
√
b+ φa. Furthermore,




b+ φa. Thus, we have a jump between the largest representable
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number with first term a and the smallest representable number with first term b.
This produces a gap in [φa, φb]. If we remove this gap, we obtain two bridges,
namely, [φ1,
√
a+ φb] and [
√
b+ φa, φb].
Now, if we fix the first term, we have that the second term may be a or b.
Therefore, we can calculate the largest and smallest representable number similar to
the above construction. This will leave us with two addition gaps, one for the case
that the second term is a and another for the case that the second term is b. We
can inductively continue this process.
Suppose we fix the first n terms of the continued radical. That is, we fix the
values of −→w = 〈m1,m2, . . . ,mn〉 such that mi ∈ {a, b}. We have that −→w has length
n and leads to the gap on level n+ 1. When discussing gaps and bridges on level
n+ 1, we refer to −→w as the direction vector. The sequence of a’s and b’s in −→w
determine the left endpoint of a bridge on level n. Notice that since a < b, when
reading the coordinates of −→w , we move to the left bridge on the level below for each
a and the right bridge for each b. Thus we have that −→w directs us to the left
endpoint of a bridge on level n. Furthermore, the jump from a to b in coordinate
n+ 1 will produce a gap on level n+ 1 in the bridge on level n whose left endpoint
was determined by −→w . Thus, all the gaps and bridges on level n+ 1 are determined
by all possible choices of direction vectors −→w of length n.
We begin by considering a gap and its two adjacent bridges. Proposition 2.2
shows that the left bridge is larger than the right bridge.
Proposition 2.2. Given a gap, Gn,k and two adjacent bridges, Bn,i and
Bn,i+1, we have that | Bn,i |>| Bn,i+1 |.
Proof. Suppose that −→w = √w1, w2, . . . , wn navigates us to a certain level on a
generated Cantor set. Then | Bn,i |=
√−→w , a+ φb −√−→w , a+ φa and
14
| Bn,i+1 |=
√−→w , b+ φb −√−→w , b+ φa. We can then define
h(x) =
√−→w , x+ φb −√−→w , x+ φa. Note that | Bn,i |= h(a) and | Bn,i+1 |= h(b).






w1, . . . , wk, x+ φb
√






w1, . . . , wk, x+ φa
√






We want to show that h(x) is decreasing, so we can consider each portion of
the denominator separately. We define new functions,
gi(y) =
√
wi, wi+1, . . . , wk, x+ y. Since the composition of increasing functions is
increasing, each gi(y) is increasing as a function of y.









































Hence, h(x) is decreasing. Ergo, h(a) > h(b) and | Bn,i |>| Bn,i+1 |. 
We consider an analogous idea for gaps. Suppose we choose a bridge Bn,i on
level n of the Cantor set. Then proceeding through the derivation of the Cantor set
to level n+ 2, we have two gaps below Bn,i. Proposition 2.3 compares the lengths of
these two gaps.
Proposition 2.3. Of the two gaps that are 2 levels below any bridge, the
largest gap is on the left.
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Proof. The length of a gap two levels below the bridge whose left endpoint is
determined by −→w is to be,
h(x) =





w1, w2, . . . , wn, x, b+ φa
√








w1, w2, . . . , wn, x, a+ φb
√






















w1, w2, . . . , wn, x, b+ φa
√








w1, w2, . . . , wn, x, a+ φb
√





Then, each component of B is greater than the corresponding component of A.
Thus, equation (2.1) implies that h′(x) < 0; hence, h is decreasing.
Therefore, of the two gaps that are two levels below any bridge, the largest
gap is on the left. 
Now that we have determined the larger of two bridges below a certain bridge,
we need to consider the largest gap on a given level n. Proposition 2.4 gives this
result.
Proposition 2.4. The largest gap on a given level n is the left-most gap Gn,1.
Proof. Note that | Gn,1 |=
√
a1, . . . , ak, b+ φa −
√
a1, . . . , ak, a+ φb, where
a1 = a2 = · · · = ak = a, is the length of the left-most gap and
√
w1, . . . , wk, b+ φa −
√
w1, . . . , wk, a+ φb represents the length of Gn,i for









a1, . . . , ak, x
√








w1, . . . , wk, x
√






Using the Generalized Mean-Value Theorem, with α = a+ φb and β = b+ φa,








w1, . . . , wk, c
√





a, . . . , a, c
√
a, . . . , a, c · · · √a, c√c
=
√
w1, . . . , wk, c
√
w2, . . . , wk, c · · · √wk, c√
a, . . . , a, c
√
a, . . . , a, c · · · √a, c .
Furthermore, since we have that −→w > −→a in the coordinate-wise order and
wi > a for some i ≤ k, we have that f ′(c)g′(c) > 1.
Hence, we have that
f(β)− f(α) =
√
a1, . . . , ak, b+ φa −
√
a1, . . . , ak, a+ φb
>
√
w1, . . . , wk, b+ φa −
√
w1, . . . wk, a+ φb
= g(β)− g(α).
Therefore, the left-most gap is larger than every gap to its right. 
Corollary 2.5 gives the analogous property for bridges. The proof is similar to
that of Proposition 2.4.
Corollary 2.5. The longest bridge on a given level n is the left-most bridge
Bn,1.
Now that we have located the position of the longest gap and bridge, we need
to consider the position of the shortest gap and bridge.
Proposition 2.6. The shortest gap on a given level n is the right-most gap
Gn,2n−1.
17
Proof. Note that | Gn,2n−1 |=
√
b1, . . . , bk, b+ φa −
√
b1, . . . , bk, a+ φb, where
b1 = b2 = · · · = bk = b, is the length of the right-most gap and
√
w1, . . . , wk, b+ φa −
√
w1, . . . , wk, a+ φb represents the length of Gn,m where
2n−1 > m ∈ N (i.e. a gap to the left of Gn,2n−1). We define f(x) =
√
b1, b2, . . . , bk, x
and g(x) =
√





b1, . . . , bk, x
√










w1, . . . , wk, x
√






Using the Generalized Mean-Value Theorem, with α = a+ φb and β = b+ φa,








w1, . . . , wk, c
√





b1, . . . , bk, c
√







w1, · · · , wk, c√w2, · · · , wk, c · · · √wk, c√
b1, . . . , bk, c
√




Furthermore, since we have that −→w < −→b , in the coordinate-wise order, and
wi < b for some i ≤ k, we have that f ′(c)g′(c) < 1.
Hence, we have that
f(β)− f(α) =
√
b1, . . . , bk, b+ φa −
√
b1, . . . , bk, a+ φb
<
√
w1, . . . , wk, b, φa −
√
w1, . . . , wk, a, φb
= g(β)− g(α).
Therefore, the right-most gap is smaller than every gap to its left. 
Example 2.8 below illustrates this fact on level 4 of the Cantor set generated
by continued radicals whose entries are from {1, 2}.
Corollary 2.7. The shortest bridge on a given level n is the right-most
bridge Bn,2n.
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Table 2.1. Gap Lengths of Cantor set generated by M = {1, 2}





Corollaries 2.5 and 2.7 say that the longest bridge on level n is the left-most
bridge and the shortest bridge is the right-most bridge. However, it is important to
note that the bridges are not strictly decreasing in length from left to right.
Example 2.8 demonstrates this.
Example 2.8. Suppose we consider continued radicals whose entries come
from M = {1, 2}. The Table 2.1 indicates the lengths of the gaps on the 4th level of
the generated Cantor set from left to right.
Although we notice that G4,1 (the left-most gap) is the largest gap and G4,4
(the right-most gap) is the smallest gap, it is important to notice that





In this chapter, we discuss the thickness of Cantor sets. Newhouse [18] defined
the thickness of a Cantor set to be a nonnegative quantity that gives conditions on
when two Cantor sets intersect. Astels [6] gives the following definition.








where w ranges through all location vectors of a fixed length determined by the level
n and Bn,i and Bn,i+1 are adjacent to Gn,k.
Definition 3.1 only gives us the thickness of a certain level of the Cantor set.
However, we also need to consider the thickness over the entire (ordered) derivation.
Similarly, we have the following definition.








where w is a direction vector of any length and Bn,i and Bn,i+1 are adjacent to Gn,k.
Astels [4], [6] gives information regarding the thickness of Cantor sets
generated by continued fractions. Here, we consider the analogous construction for
continued radicals.
Proposition 3.3. τ(n) is formed by the left-most gap and the right bridge
adjacent to the gap.
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Proof. To prove this, we need to show that for −→w > −→a ,
0 <
√
a1, a2, . . . , ak, b+ φb −
√
a1, a2, . . . , ak, b+ φa√
a1, a2, . . . , ak, b+ φa −
√
a1, a2, . . . , ak, a+ φb
<
√
w1, w2, . . . , wk, b+ φb −
√
w1, w2, . . . , wk, b+ φa√
w1, w2, . . . , wk, b+ φa −
√




a1, a2, . . . , ak, x and s(x) =
√
w1, w2, . . . , wk, x. Then the above
















for some c1 ∈ (b+ φa, b+ φb) and some c2 ∈ (a+ φb, b+ φa). This says that c2 < c1.












it will suffice to show that r
′(x)






a1, a2, . . . , an, x
√








w1, w2, . . . , wn, x
√









w1, . . . , wn, x√
a1, . . . , an, x
)(√
w2, . . . , wn, x√








where ai ≤ wi for all i and aj < wj for some 1 ≤ j ≤ n. Let us consider the jth
factor of this expression. We have
√
wj, . . . , wn, x√
aj, . . . , an, x
and need to determine if it is
decreasing or not. Let
A = (aj +
√
aj+1, . . . , an, x)(
√
aj+1, . . . , an, x · · · √an, x)































≤ 0. Since we know that aj < wj for
some j, we know that the derivative of at least one of these factors is non-zero




is the product of all non-increasing functions and at least one
decreasing function and is decreasing. This completes the proof that τ(n) is formed
by the left-most gap and the right bridge adjacent to the gap. 
Thus, we have that
τ(n) =
(
length of right adjacent bridge







We have a similar result for τ(D) with a direction vector w of any length.
Our first conjecture was that the length of the largest gap on a given level is
always smaller than the smallest gap on the level above. However, as demonstrated
in Example 3.4, this is not the case.
Example 3.4. Suppose we consider continued radicals whose entries come
from M = {1, 3}. Table 3.1 indicates the lengths of the smallest and largest gaps on
the first five levels of the generated Cantor set.
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Table 3.1. Gap Lengths of Cantor set generated by M = {1, 3}






We see that the largest gap on level 5 is larger than the smallest gap on level
4. This is a contradiction to our initial conjecture.
Although our initial thoughts were not correct, this does not contradict any
results. In fact, it would be a much stronger statement than we need to prove that
the derivation of our Cantor set is an ordered derivation. We do, however, have the
following result.
Proposition 3.5. For levels k and k + 1, we have that τ(k) > τ(k + 1).
Proof. To prove this, we need to show that
√−→a , b+ φb −√−→a , b+ φa√−→a , b+ φa −√−→a , a+ φb >
√
a,−→a , b+ φb −
√
a,−→a , b+ φa√
a,−→a , b+ φa −
√
a,−→a , a+ φb
> 0.





















for some c1 ∈ (b+ φa, b+ φb) and some c2 ∈ (a+ φb, b+ φa). This says that c2 < c1.












it will suffice to show that r
′(x)






a1, a2, . . . , an, x
√








a1, a2, . . . , an, an+1, x
√









a1, . . . , an, an+1, x√
a1, . . . , an, x
)(√
a2, . . . , an, an+1, x√















a1, a2, . . . , an, an+1, x. This is an increasing
function in x.
Thus, the thickness on a given level is larger than the thickness on all levels
below. 
We calculate the thickness of the middle-thirds Cantor set and the middle-p%
Cantor set in Propositions 3.6 and 3.7, respectively.
Proposition 3.6. The thickness of the middle-third Cantor set (C3) is 1.
Proof. To construct the middle-third Cantor set, we begin with the closed




) which is the middle third of
[0, 1]. From here we have two bridges and a gap. We remove the middle third from
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each of the two bridges. We repeat this process infinitely to obtain the middle-third
Cantor set as shown in Figure 3.1 below.
Now, on a given level, we have that the gap, Gn,k is the same length as its

















Thus, τ(C3) = 1. 














Proof. To construct the middle-p% Cantor set, we begin with the closed
interval [a, b]. We first remove the middle-p% of the interval and have two bridges
and a gap. Each of the bridges have length
1− p
2
%. Then we have that
τ(Cp) =
(





















Since we have constructed this Cantor set such that it is an ordered derivation, we








Notice that for p > 1
3
, we have τ < 1 and p < 1
3
gives τ > 1.
By Proposition 3.5, we have that the thicknesses of the levels are monotone
decreasing. Furthermore, by Definition 3.2 we have that the thickness of the Cantor
set generated by continued radicals composed from {a, b} is
τ(a, b) = lim
n→∞
√−→a , b+ φb −√−→a , b+ φa√−→a , b+ φa −√−→a , a+ φb .
Note that for continued fractions, there is a closed form solution to the values
of thickness of Cantor sets generated by continued fractions composed from {a, b}.
These calculations involve utilizing common recurrence relations for continued
radicals as noted by Astels [5].
We have tried several methods to compute this for the analogous case using
continued radicals; however, we have not been able to find an appropriate approach.
We cannot use the generalized mean value theorem because we have components of
three types in the thickness equation rather than just two types (i.e., we have
b+ φb, b+ φa, and a+ φb).
Notice that as n→∞, the numerator and denominator are both approaching
φa − φa = 0. Thus, we have an indeterminate form and can try applying L’Hoˆpital’s
Rule. We note that the limit is dependent upon n; hence, we need to consider the
discrete analogue of L’Hoˆpital’s Rule. This, however, ends in a more complicated
expression than the original formula.
Thus, the obvious approaches do not work. We have, however, created a
Mathematica program to approximate these results for us. Some of these values are
shown in Table 3.2. First we need to give the following definition from Astels [6].
Definition 3.8. The normalized thickness of a Cantor set is
γ(D) = τ(D)
τ(D) + 1 .
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Although we cannot find a closed form solution for the thickness, we do have a
few conjectures.
Conjecture 3.9. We have that τ(1, 2) > τ(1, b) for b > 2.
Table 3.3 on page 28 gives numerical approximations that are evidence for
Conjecture 3.9. This conjecture suggests we should consider the properties of the
function τ(a, x) for a fixed a. These results are hypothesized in Conjecture 3.10
below.
Conjecture 3.10. For a fixed a, τ(a, x) is decreasing as a function of x.
Evidence for Conjecture 3.10 is provided in Table 3.4 on page 29.
Conjecture 3.10 may give rise to the thought τ(x, b) could be decreasing as a
function of x. However, Table 3.5 on page 30 shows that this is not the case. We
have that T (x, 50) is increasing until x = 11 and decreasing afterwards.
Calculations of these thicknesses can be used to determine when the
summation of points of Cantor sets create an interval as defined in Definition 3.11.
Definition 3.11. We define the summation of points of Cantor sets to be
C1 + C2 + · · ·+ Cα = {a+ b+ · · ·+ j : a ∈ C1, b ∈ C2, . . . , j ∈ Cα}.
We now consider the following definition by Astels [6].
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Table 3.3. Thickness of Cantor sets generated by continued radicals


























Definition 3.12. Let Cj be the Cantor set generated by continued radicals
from {j1, j2}. Then Ij is the interval [φj1 , φj2 ]. We say a sequence of intervals
(I1, . . . , Ik) is compatible if |Ir+1| ≥ |Gj1,1| and |I1|+ · · ·+ |Ir| ≥ |Gr+11,1 | for
r = 1, . . . , k − 1 and j = 1, . . . , r where Gj1,1 is gap G1,1 of Cj.
We note that in Astels’ definition, he considers the gap of maximal size in Cj;
however, in our case, gap Gj1,1 is the gap of maximal size.
Theorem 3.13 by Astels [6] tells when the summation of points of a Cantor set
create an interval.
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Table 3.4. Thickness of Cantor sets generated by continued radicals















































Theorem 3.13. Let k be a positive integer and for j = 1, · · · , k let Cjbe a
Cantor set derived from Ij. Put Sγ = γ(C1) + · · ·+ γ(Ck) and assume that
(I1, · · · , Ik) is compatible. If Sγ ≥ 1, then C1 + · · ·+ Ck = I1 + · · ·+ Ik.






Notice that in Theorem 3.13, C1 + · · ·+ Ck = I1 + · · ·+ Ik implies that we get a
solid interval as the sum of Cantor sets. The analogous question for when an
interval is obtained as the sum of Cantor sets generated by partial fractions with
small partial quotients was considered by Astels [6] and Hlavka [13]. We have that
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Table 3.5. Thickness of Cantor sets generated by continued radicals



























































where {a, b, c, . . .} are from {1, 2, . . . , n}.
It is also important to recognize that if you have a very small interval that
cannot span a large gap, then you cannot obtain a solid interval as the sum of
Cantor sets generated by continued fractions with components from {a, b}. For
example, consider the Cantor sets Cj with components from {j1, j2} and Ck with
components from {k1, k2}. If we do not have that |Ik| = φk2 − φk1 > Gj1,1 and
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|Ij| = φj2 − φj1 > Gk1,1 then we would not be able to form an interval with Cj + Ck.
If we have that either Ij or Ik is much smaller than the maximal gap of Ck or Cj
respectively, then we cannot form an interval. Thus, the assumption of
compatibility is very important in Theorem 3.13. We give results regarding the
compatibility of intervals in Proposition 3.14 and Corollary 3.15.
Proposition 3.14. To determine compatibility of intervals for Theorem 3.13,
it is sufficient to show that the shortest interval is larger than the longest gap. If
this occurs, then the intervals are compatible. If this does not occurs, then the
intervals may or may not be compatible.
Corollary 3.15. If C1 = C2 = . . . = Ck, then I1, I2, . . . , Ik are compatible.
Table 3.6 on page 32 gives the number of Cantor sets generated by {a, b}
required to create an interval for b = 1, 2, . . . , 20. To calculate these numbers, we
must take the ceiling of
1
γ(Ck)
. Consider the following example.
Example 3.16. Let C1,2 be the Cantor set generated by continued radicals
composed from {1, 2}. Table 3.2 shows that γ(C1,2) ≈ 0.357481957646694. Now,
1
γ(C1,2) ≈ 2.79734397. Furthermore, d2.79734397e = 3. Thus, we need at least three
copies of C1,2 to guarantee that their sum is an interval.
Similar calculations can be done to produce Table 3.6. This data leads to the
following conjecture.
Conjecture 3.17. The minimum number of Cantor sets generated by
continued radicals composed from {a, b} required to guarantee an interval is three.
This conjecture suggests that we cannot take two Cantor sets and add their
elements together to create an interval.
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Table 3.6. Minimum Number of Cantor sets generated by continued
radicals composed from {a, b} required to guarantee an interval
HHHHHHa
b
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1 3 4 4 5 5 5 6 6 6 7 7 7 8 8 8 8 9 9 9
2 4 4 5 5 5 6 6 6 7 7 7 8 8 8 8 9 9 9
3 5 5 5 6 6 6 7 7 7 7 8 8 8 8 9 9 9
4 5 5 6 6 6 7 7 7 7 8 8 8 8 9 9 9
5 5 6 6 6 7 7 7 7 8 8 8 8 9 9 9
6 6 6 6 7 7 7 7 8 8 8 8 9 9 9
7 6 6 7 7 7 8 8 8 8 8 9 9 9
8 7 7 7 7 8 8 8 8 9 9 9 9
9 7 7 7 8 8 8 8 9 9 9 9
10 7 7 8 8 8 8 9 9 9 9
11 7 8 8 8 8 9 9 9 9
12 8 8 8 8 9 9 9 9
13 8 8 8 9 9 9 9
14 8 9 9 9 9 9
15 9 9 9 9 9
16 9 9 9 9
17 9 9 9
18 9 9
19 9
Notice that in Table 3.6, we have that Ci = Cj for all i, j. We should also
consider adding the elements of Cantor sets C1, C2, . . . generated by continued
radicals composed from {a, b} whenever Ci 6= Cj for some i 6= j. We consider this
scenario in Table 3.7 on page 33.
We need to consider the compatibility of C1,4, C5,8, and C6,10. We have that the
shortest interval is [φ5, φ8] with length approximately 0.580993. Furthermore, the
longest gap is G1,41,1 with length approximately 0.136642601485087. Thus we have
that the shortest interval is longer than the longest gap. Hence, C1,4, C5,8, and C6,10
are compatible.
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Table 3.7. Minimum Number of Cantor sets generated by continued
radicals composed from {1, 4}, {5, 8}, and {6, 10} required to guarantee
an interval
# of {1, 4} # of {5, 8} # of {6, 10} Total # of Cantor sets
0 1 6 7
0 2 4 6
0 3 3 6
0 4 2 6
0 5 1 6
1 0 5 6
1 1 4 6
1 2 3 6
1 3 2 6
1 4 1 6
1 5 0 6
2 0 3 5
2 1 2 5
2 2 1 5
2 3 0 5
3 0 2 5
3 1 1 5




Generally, the Cantor set is thought to have measure zero. In this chapter we
examine the measure of the middle-thirds Cantor set, the ε-Cantor set, and the
Cantor sets generated by continued radicals generated by the set {a, b}.
Proposition 4.1. The middle-thirds Cantor set, C3 has measure zero.
Proof. Recall the notation from Chapter 1. We have that I contains no gaps
(i.e. removed intervals), C0 contains 1 = 2







contains 2m gaps, . . .. Therefore, we have that on Cm, we remove 2
m







, . . . for I, C0, C1, C2, . . ., respectively. Furthermore, we have that µ([0, 1] \ C) is
the sum of the lengths of the gaps; thus, we have









































Thus we have that µ([0, 1] \ C3) = 1 = µ([0, 1])− µ(C3) = 1− µ(C3). Thus,
µ(C3) = 0. 
It is important to note that the measure of Cantor sets is not always zero.
Aliprantis and Burkinshaw [1] give an example of such a set.
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Example 4.2 (The ε-Cantor set). To construct the ε-Cantor set, Cε, we begin
with 0 < ε < 1 and let δ = 1− ε. We begin with the closed interval [0, 1] = A0.
From the center of this interval, we remove an open interval with length δ
2
. Thus we









), 1]. Then µ(A1) = 1− δ2 .
Now, from the center of each of the two disjoint closed intervals of A1, we
remove an open interval of length δ
23
. The union of these four disjoint closed sets is
A2. Then we have µ(A2) = 1− [µ(A1)− ( δ8 + δ8)] = 1− (12 + 14)δ = 1− 3δ4 .
We have that An is the disjoint union of 2
n closed intervals of the same length
that satisfy µ(An) = 1− (12 + . . .+ 12n + 12n+1 )δ. From the center of each of the 2n




have that An+1 is the union of these 2
n+1 closed intervals. Thus we have that
µ(An+1) = 1− (12 + . . .+ 12n + 12n+1 )δ.










δ = 1− δ = ε > 0.
To see that the ε-Cantor set is in fact a Cantor set, we need to consider the
following definition given by Cabrelli, Paulaskas, Lithuania, and Shonkwiler [9].
Definition 4.3. A general Cantor set is a compact, perfect, totally
disconnected subset of the real line.
Note that Astels [6] gives a weaker definition of generalized Cantor sets. He
states that a generalized Cantor set is any set C of real numbers of the form
C = I \
⋃
i≥1
Gi where I is a finite closed interval and {Gi : i ≥ 1} is a countable
collection of disjoint open intervals contained in I. This definition seems to not be
equivalent to Definition 4.3. For our results, we will use the definition by Cabrelli,
Paulaskas, Lithuania, and Shonkwiler [9].
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Proposition 4.4. The ε-Cantor set, Cε, is a general Cantor set.
Proof. Note that the ε-Cantor set is closed and bounded; thus, by the
Heine-Borel theorem, we have that it is a compact subset of R.
Now, we need to show that Cε is a perfect subset of R. Note that a set A is
said to be perfect if and only if every point in A is a limit point of A, or
equivalently, if no point in A is isolated.
Now, consider the midpoints of the removed intervals on level n. We have that




where m ∈ {1, 2, . . . , 2n − 1}. Since M =
∞⋃
n=1
Mn is a set of
dyadic fractions, we have that M is dense on [0, 1].
Furthermore, between any two midpoints of gaps, we have an interval. By the
construction of Cε, the endpoints of intervals are never removed. Let
x ∈ Cε \ {0, 1} = D and B(x, r) be an open-ball centered at x with radius r. We
can find n such that B(x, r) contains at least two midpoints of gaps. Therefore,
B(x, r) contains at least one interval; hence, it contains at least 2 distinct points
y, z ∈ D. Thus, we have that x is not isolated and since 0 and 1 are limit points,
every point in Cε is a limit point of Cε. Thus, Cε is a perfect subset of R.
Now, since the midpoints of gaps are dense, any alleged interval will have
points removed since midpoints of gaps are removed. Thus, Cε is totally
disconnected.
Therefore, Cε is a compact, perfect, totally disconnected subset of the real line;
thus, it is a general Cantor set. 
The ε-Cantor set demonstrates the necessity of considering the measure of the
Cantor sets generated by continued radicals generated with two values a, b.
Proposition 4.5. The measure of the Cantor sets generated by continued
radicals generated with two values a, b is 0.
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Proof. Case 1: Suppose a > 1. Then the length of the left bridge is√−→a , φb − φa = |Bn,1|. By Corollary 2.5, we have that the left-most bridge is the
largest on a given level. Thus, each of the 2n bridges on level n are smaller than or




|Bn,i| < 2n|Bn,1| = 2n(
√−→a , φb − φa).
We now need to consider lim
n→∞
2n(
√−→a , φb − φa). We know that
f(x) =
√
a1, a2, . . . , an, x is a contraction. Thus, by Proposition 1.13, we have that
(
√
a1, . . . an, φb −
√




























Thus, for a > 1, we have that the measure of the generated Cantor set is 0.
Case 2: Suppose a = 1. We have that the length of the bridges on level n is
√
w1, w2, . . . , wn, 1 + φb −
√
w1, w2, . . . wn, 1 + φ1. Furthermore,
−→w is a vector of
length n generated by {1, b}. We have that
√
w1, w2, . . . , wn, 1 + φb −
√












(φb − φ1) if −→w has exactly k b’s.
Of the 2n bridges, we need to consider how many actually have exactly k





of these exist. Therefore, the sum


















































, . . ., 1√
bn
.





This gives us j terms that are greater than ε
2




, . . . , 1√
bj−1
.
Furthermore, the remaining n− j terms are all below ε
2
. As n→∞, we have that
their weights dominate the summation which makes the weighted average less than
ε for all ε > 0.
Thus, for a = 1, we have that the measure is in fact zero. 
For the case of a = 1, we have an alternate proof as shown below.
Proof 2 of Proposition 4.5. Suppose a = 1. We have that the length of the
bridges on level n is
√
w1, w2, . . . , wn, 1 + φb −
√
w1, w2, . . . wn, 1 + φ1. Furthermore,
−→w is a vector of length n generated by {1, b}. We have that
√
w1, w2, . . . , wn, 1 + φb −
√












(φb − φ1) if −→w has exactly k b’s.
Of the 2n bridges, we need to consider how many actually have exactly k





of these exist. Therefore, the sum




































(φb − φ1) (wlog use 2n).
Romik [21] gives us Stirling’s approximation which states that
n! ∼ √2pin (n
e
)n
. Thus we have that (2n)! ∼ 2√pin (2n
e
)2n

























































































Thus, the measure of the Cantor set generated by continued radicals generated by
{1, b} is zero. 
We note here that there appears to be a relationship between this construction


















We have been able to answer several questions regarding the lengths of gaps
and bridges of Cantor sets generated by continued radicals. We have also studied
the measure of these Cantor sets and gotten some results regarding their thickness.
The most important open question is the calculation of the thickness. Being
able to find a closed form solution for the thickness of the Cantor sets generated by
continued radicals would provide a nice result. This would allow us to obtain the
exact thickness without using computational approximations. Since L’Hoˆpital’s
Rule gave us a more complicated expression, there may be a method of doing
L’Hoˆpital’s Rule in reverse to obtain a form that simplifies more easily. However, if
this does not provide any insight, we may be able to use asymptotics to obtain a
sharper approximation.
Even if the thickness cannot be calculated with a closed form solution, we give
further consideration to Conjectures 3.10 and 3.17. Although numerical analysis
provides evidence for these conjectures, there may be some other tools that can be
used to prove them.
Furthermore, we have only considered continued radicals generated by {a, b}
where a, b are natural numbers. This does not consider continued radicals allowing
zeros as their components. It would be interesting to see how allowing zero changes
the results. Some preliminary numerical results indicate that if the thickness is
unchanged, Conjecture 3.17 is false and the minimum number of Cantor sets
required to guarantee an interval is two. However, as noted in the introduction, it
has not been proven that continued radicals generated by {0, b} is homeomorphic to
the Middle-Thirds Cantor set. Therefore, it is necessary to consider this case.
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This leads to the natural question of considering the use of all integers
(including negative). With this, complex numbers arise creating complications with
our constructions. However, Rhode [20] and Sizer and Wiredu [24] discuss
continued radicals in the complex plane. Furthermore, Leighton and Thron [17]
consider the analogous problem for continued fractions. Perhaps some of these
results can be applied to continued radicals. Additionally, information may be
obtained from the discussion by Wagon [26] regarding complex Cantor sets.
Combining these two areas may produce some results regarding Cantor sets
generated by complex continued radicals.
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